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Robust Control System Design for Rotorcraft

Chih-Min Lin and Chen-Ling Ying
Yuan-Ze University, Tao-Yuan 320, Taiwan, Republic of China

A design method is developed for quantitative robust control of uncertain multivariable systems. This method
is then applied for the longitudinal � ight control of a rotorcraft. A multivariable equivalent external disturbance
rejection design method is introduced. When this method is used, the maximum variations of the system tolerance
and the maximumvariationsof the uncertain plant can be transferred to an equivalentdisturbance. This equivalent
external disturbance rejection design method is employed to achieve the quantitative robust performance for
uncertain multivariable systems. The design method is then applied to the robust control design of a rotorcraft
� ight control system with various � ight conditions and shows that it achieves satisfactory robust performance.

Nomenclature
Bh = universal high-frequencybound
Ph = z-body axis component of vehicle velocity, ft/s
PhC = command of z-body axis component of vehicle

velocity, ft/s
±B = longitudinal cycle input, in. in cockpit
±C = main rotor collective input, in. in cockpit
µ = vehicle pitch attitude, rad
µC = command value of pitch attitude, rad

I. Introduction

R OTORCRAFT � ight control systems present signi� cant de-
sign challenges. Large variations in the response characteris-

tics of rotorcraft result from the wide range of airspeeds of typi-
cal operation, varying from hover to over 100 kn. Also, the rotor
degrees of freedom can have a signi� cant impact on the system
performance and stability. The main purpose of intentionallyusing
feedback structure is to improve the tracking performance.

Recent control design research has concentrated on the devel-
opment of control systems that are robust to plant variations and
parametric uncertainties.Quantitative feedback theory (QFT) is an
effective design method for plants with signi� cant uncertainties.1¡4

Traditional QFT studies manipulated plant templates (sets of com-
plex numbers due to plant parameter variations for each frequency)
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on a Nichols chart to obtain the bounds at some perturbed frequen-
cies (see Refs. 1–4). Previously, several multi-input/multi-output
(MIMO) QFT design methods have been proposed,5¡9 and the ro-
torcraft� ight controlsystemdesignhasbeenpresentedusingthe tra-
ditionalQFT design technique.10¡12 However, beginning the design
procedure,one must � rst calculateand constructthe plant templates,
and thenmove themon theNichols chart to get theuncertainbounds.
This is a time-consuming design procedure. Moreover, the inverse
matrix of thewholeplant family is requiredfor thedesignprocedure.
Thus, the MIMO QFT design is complicated and tedious, even for
a control engineer with QFT design experience. Recently, several
variants of QFT have been proposed to simplify the design proce-
dure. One attractivedesign method is the equivalentexternal distur-
bance rejection (EEDR) method, which can avoid the troublesome
template manipulationas the tranditionalQFT does.13¡15 However,
the EEDR design method is restricted to single-input/single-output
systems in Refs. 13–15. The EEDR design method for MIMO sys-
tems has been proposed in Ref. 16; however, it is only applicable to
minimum-phase systems.

In this paper, a multivariableEEDR design method is introduced
with the capability of handlingstable or unstable,minimum or non-
minimum phase systems. Using this EEDR method, the maximum
variationsof the systemtoleranceand themaximumvariationsof the
uncertainplantcan be transferredto an externaldisturbance.By such
a transformation, the templates are no longer needed. The bounds
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are calculated algebraically and are obtained easily on the inverse
Nichols chart, instead of manipulating templates on the Nichols
chart. Thus the design procedures of EEDR are easier than the tra-
ditional QFT design methods, especially in MIMO systems. This
paper also investigates the feasibility of utilizing EEDR designed
for a longitudinal channel robust control of a rotorcraft that meets
� ying tolerance within the � ight envelope. A BO105C rotorcraft is
utilized as the design example to illustrate the effectiveness of the
proposed design method.

II. Robust Feedback Controller Design
The quantitative robust performance design objective is to � nd

the controllers to guarantee that the system performancebounds are
satis� ed over the range of plant uncertainties. Because the robust
control design procedures are in the frequency domain, the perfor-
mance bounds are given in the frequency domain:

Bl .s/ · T .s/ · Bu.s/ (1)

where T .s/ is the closed-looptransfer functionand Bl .s/ and Bu.s/
are its lower and upper bounds, respectively.

Consider a MIMO two-degree-of-freedom (2-DOF) feedback
system, as shown in Fig. 1, where P0.s/ D [poi j ], P.s/ D [pi j ],
G.s/ D [gi j ], and F.s/ D [ fi j ] 2 Cn £ n are the nominal plant, un-
certain plant, feedback controller, and pre� lter, respectively. Let
T D [ti j ] and T0 D [toi j ] be the perturbed and nominal system trans-
fer matrices from r to y, respectively, and de� ne 1T D T ¡ T0 and
L0 D [loi j ] D P0G. Assume that P and .I C L0/ are nonsingular ma-
trices, and de� ne Pv D [vi j ] D I ¡ P0P¡1 and Tv D I ¡ T0T¡1 . Then
the following theorem can be obtained.

Theorem 1: Considera MIMO, 2-DOF system as shown in Fig. 1,
where the relation between Tv and Pv can be expressed as follows:

Tv D .I C L0/¡1Pv (2)

Proof: From Fig. 1, the following is obtained:

y D P.Fr ¡ Gy/ (3)

and then

.I C PG/y D PFr (4)

From Eq. (4), the following is obtained:

.P¡1 C G/y D Fr (5)

then
¡
P0P¡1 C P0G

¢
y D P0Fr (6)

that is,
¡
P0P¡1 C L0

¢
T D P0F (7)

Equation (7) can be rewritten as

.I C L0/T D P0F C PvT (8)

Because the nominal system transfer matrix is

T0 D .I C L0/
¡1P0F (9)

then Eq. (9) becomes

.I C L0/.T ¡ T0/ D PvT (10)

Fig. 1 Feedback control system with 2 DOF.

Fig. 2 Equivalent external disturbance system.

Because .I C L0/
¡1 exists, Eq. (10) can be rewritten as

1T ´ T ¡ T0 D .I C L0/
¡1PvT (11)

that is,

Tv D .I C L0/
¡1Pv (12)

¤

As the result, the feedback-loopblock diagram in Fig. 1 can also be
redrawn as Fig. 2. The uncertainty of P is transferred to the equiv-
alent disturbance term Pv and the tolerance of the system response
is transferred to the system output term Tv .

The physical meaning of the relation between Figs. 1 and 2 is
described as follows. Fix the parameters of P and use an additional
external disturbance Pv to simulate the effect of the variations of
the plant parameters.Thus, the rejection of the external disturbance
Pv is similar to coping with the parameter variations of P. Fig-
ure 2 also shows that the loop transfer function matrix L0 D P0G
is designed to reduce the sensitivity, with respect to the equivalent
disturbance Pv .

A. Derivation of the Variation Bounds
For a MIMO system, Eq. (2) can be expressed as

1ti j D
vii ti j C

Pn
k D 1;k 6D i .vi k tk j ¡ li k1tk j /

1 C loi i

i; j D 1; 2; : : : ; n (13)

then the design equations are derived as follows.
For i D j , Eq. (13) can be rewritten as

1

1 C loi i
D 1tii =tii

vii C
Pn

k D 1;k 6D i .vik tki ¡ lik 1tki /=tii
(14)

and the logarithmic expression of Eq. (14) can be written as
­­­­

1

1 C loii

­­­­
dB

D
­­­­
1tii
tii

­­­­
dB

¡

­­­­­vii C
nX

k D 1;k 6D i

vi k tki ¡ li k1tki

tii

­­­­­
dB

D jtdii jdB ¡ jpdii jdB (15)

where tdii D 1tii =tii and

pdii D vii C
nX

k D 1;k 6D i

.vi k tki ¡ lik 1tki /

ti i

Similarly, for i 6D j , Eq. (13) can be expressed as

1

1 C loii
D 1ti j=ti j

vii C
Pn

k D 1;k 6D i .vi k tk j ¡ li k1tk j /=ti j

(16)

and the logarithmic expression is shown as
­­­­

1

1 C loii

­­­­
dB

D
­­­­
1ti j

ti j

­­­­
dB

¡

­­­­­vii C
nX

k D 1;k 6D i

vik tk j ¡ lik 1tk j

ti j

­­­­­
dB

D jtd i j jdB ¡ jpdi j jdB (17)
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where tdi j D 1ti j=ti j and

pdi j D vii C
nX

k D 1;k 6D i

.vik tk j ¡ lik 1tk j /

ti j

Therefore, the nominal-loop transmission function loii should be
designed to satisfy

j1=.1 C loii /jdB · min.jtd ii jdB ¡ jpd ii jdB max; jtdi j jdB ¡ jpdi j jdB max/

(18)

In the calculationof pdii and pdi j , the term li k1tk j can be set to zero
to simplify calculations.This term can be consideredas the MIMO
interactions, which can be included in the coupling performance
speci� cation. For speci� ed frequencies, the value in the right-hand
part of inequality (18) is the bound Boi .!/ of loii .s/. Then a proper
loop transmission function loii .s/ can be obtained on the inverse
Nichols chart.

After loopshaping,the nominal-looptransmissionfunctionloii .s/
can be obtained to satisfy the system response tolerance. Then the
feedback controller can be determined as

G.s/ D diag[gi i .s/] (19)

where

gii .s/ D loii .s/=poii .s/; i D 1; 2; : : : ; n (20)

B. Nonminimum Phase Design
In controlsystemdesign, pii thenonminimumphase(NMP)prop-

erty is evidenced by the presence of right-half-plane (RHP) zeros,
which limit the bene� ts of feedback. Suppose the uncertain plant
transfer function has one or more zeros in RHP, let

pii .s/ D Ni .¡s/pmii .s/; i D 1; 2; : : : ; n (21)

where

Ni .¡s/ D
Y

k

.1 ¡ ¿ks/; ¿k > 0

where ¡s is used to emphasize its RHP character and pmii .s/ is the
stable part of pi i .s/. Let Noi .¡s/ be the nominal value of Ni .¡s/.
Then, the loop transmission function lii .s/ and the nominal loop
transmission function loii .s/ can be expressed as

li i .s/ D pi i .s/gii .s/ D
µ

Ni .¡s/

Ni .s/

¶
¢ [Ni .s/pmii .s/gi i .s/]

D Ai .s/lmii .s/ (22)

loii .s/ D poii .s/gi i .s/ D
µ

Noi .¡s/

Noi .s/

¶
¢ [Noi .s/pmoii .s/gii .s/]

D Aoi .s/lmoii .s/ (23)

where Ai .s/ D Ni .¡s/=Ni .s/ and Aoi .s/ D Noi .¡s/=Noi .s/ are
the perturbed and nominal all-pass � lters, respectively, and
lmii .s/ D Ni .s/pmii .s/gi i .s/ and lmoii .s/ D Noi .s/pmoii .s/gi i .s/ are
theperturbedandnominal loop-transmissionfunctionswithoutRHP
zeros, respectively.Because jAoi .s/j D 1, it is revealed that

jlmoii .s/j D jloii .s/j (24)

6 lmoi i .s/ D 6 loii .s/ ¡ 6 Aoi .s/ (25)

that is, when a comparison is made between an NMP and a
minimum-phase system, both of their magnitudes are the same, but
loii .s/ has more phase lag because of Aoi .s/. Thus the bounds’ re-
lationships between minimum-phase system and NMP system are
described as

Boi .s/ D Aoi .s/Bmoi.s/ (26)

Therefore, the EEDR design can be extended to NMP by applying
Eqs. (24) and (25). Once the values of jlmoi i .s/j can be found, the

bounds Bmoi of lmoii can be obtained using Eq. (15), Eq. (17), and
inequality (18). Then, from Eq. (26), the bounds Boi .!/ of loii with
NMP can be obtained.

Remark: In Ref. 16, the loop transfer matrix L0 D P0G is taken
as diagonal. Because L0 has been shaping, then the controller G is
calculated by G D P¡1

0 L0. This will easily result in unstable pole-
zero cancellationwhen the plant P containsany RHP zero, so that in
Ref. 16, it is only applicablefor minimum-phasesystems.However,
in the design method proposed here, G is taken to be diagonal as
in Eq. (19), where gii .s/ is determined from Eq. (20). The RHP
zero problem of pii .s/ can be solved as discussed in earlier in this
section.

From the preceding analysis, the following EEDR design algo-
rithm for MIMO control systems is presented:

1) Choose the nominal and perturbedplant and closed-looptrans-
fer functions, poii .s/; toii .s/, pii .s/; tii .s/, and let toi j D 0.

a) For the plants, choose the minimum (maximum) values
of the parameter variation intervals as the nominal plant and the
maximum (minimum) one as perturbed plant.

b) For the closed-loop transfer functions, choose the lower
(upper) transfer function of the system speci� cations as toii .s/ and
upper (lower) one as tii .s/.

2) De� ne the coupling speci� cations jti j =tii j and � nd the bounds
Boi .s/ of loii .s/ for minimum-phase pii .s/ and bounds Bmoii .s/ of
lmoii .s/ for NMP pii .s/ from Eq. (15), Eq. (17), and inequality(18).
At high frequency, the plant

pi i .s/ D k
Y

.s C zi /

. Y
.s C pi /

degenerates into ks¡e, where e is the excess of poles of pi i over
zeros of pii . The plant variation approachesa vertical line of length
jkmax=koj, where kmax and ko are the maximum and nominal values
of k, respectively.Hence, with the disturbance response constraint,
onecouldconstructanuniversalhigh-frequencybound Bh (Ref. 13).

3) Shape the nominal-loop transmission function. At each spec-
i� ed frequency, loii .s/ [or lmoii .s/] must be on or above or outside
around the speci� ed frequencybound of step 2. Then from Eqs. (19)
and (20), the feedback controller G.s/ can be determined. Finally,
shape the pre� lter F.s/ D diag[ fii .s/] to con� rm that the closed-
loop transfer functions are located in the speci� ed bounds.

III. Illustrative Example
The BO105C rotorcraft system is consideredas the design exam-

ple, and the systemdynamic equationsfor different� ight conditions
are given in Ref. 11. The rotorcraft system involves the longitudinal
control for an airspeed range from 0 to 100 kn. It is assumed that
an attitude command system in pitch and a rate command system in
vertical translation are desired. Thus, the attitude command µc and
the verticaltranslationrate command Phc are assumed to begenerated
by the pilot throughcockpit control de� ections.The BO105C rotor-
craft dynamics equations for different � ight conditions are given in
Tables 1 and 2, where .a/ D .s C a/ and [» I !] D .s2 C 2»!s C !2/.
Also note the unstable and NMP dynamics of pii .s/ appearing in
Tables 1 and 2. These data were derivedassuming very tight control
of the lateral–directionalaxes, that is, it was doneusingcouplingnu-
merators to create the longitudinal dynamics under the assumption
of tightly controlled lateral–directional modes.17

1) The � ight condition at 20 kn is chosen as the nominal plant,
and the � ight condition at 100 kn is chosen as the perturbed one.
De� ne the coupling speci� cations as

jt12=t22j · 0:2 (27)

jt21=t11j · 0:3 (28)

2) The bounds of the desired performance speci� cations are cho-
sen as follows.

Lower bound of Ph:

B1l D Ph= Phc D 1=.s=2 C 1/[.s=5:5/2 C 2.0:78=5:5/s C 1] (29)

Upper bound of Ph:

B1u D Ph= Phc D 1=[.s=4:5/2 C 2.1=4:5/s C 1] (30)
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Table 1 BO105C dynamic equations for different � ight conditions

Airspeed, kn Ph=±C , ft/s ¢ in. Ph=±B , ft/s ¢ in.

0
¡9:89.0:00363/.3:6/[¡0:0572I 0:433]
.0:00264/.0:333/.3:6/[¡0:053I 0:433]

¡0:384.0/[0:0608I 0:605]
.0:00264/.0:333/.3:6/[¡0:053I 0:433]

20
¡9:4.0:0363/.3:66/[¡0:0353I 0:429]

.0:0351/.0:45/.3:69/[¡0:0472I 0:44]

0:474.0:035/.¡0:399/[0:314I 5:82]

.0:0351/.0:45/.3:69/[¡0:0472I 0:44]

40
¡10:2.0:0356/.3:61/[¡0:0706I 0:425]

.0:0348/.0:5199/.3:92/[¡0:115I 0:476]

1:06.0:0351/.¡0:0747/[0:296I 6:48]

.0:0348/.0:5199/.3:92/[¡0:115I 0:476]

60
¡11:42.0:0470/.3:21/[¡0:746I 0:423]

.0:0463/.0:474/.4:54/[¡0:182I 0:456]

1:73.0:0089/.0:0472/[0:281I 6:8]

.0:0463/.0:474/.4:54/[¡0:182I 0:456]

80
¡12:7.0:0603/.0:162/[¡0:923I 0:2:02]

.0:0598/.0:474/.4:54/[¡0:308I 0:456]

2:47.0:0392/.0:0617/[0:285I 6:96]

.0:0598/.0:474/.4:54/[¡0:308I 0:456]

100
¡13:8.0:0751/.0:148/[¡0:729I 0:2:55]

.0:0747/.0:421/.4:94/[¡0:563I 0:531]

3:25.0:0565/.0:0780/[0:287I 7:07]

.0:0747/.0:421/.4:94/[¡0:563I 0:531]

Table 2 BO105C dynamic equations for different � ight conditions

Airspeed, kn µ=±c rad/in. µ=±B rad/in.

0
¡0:121.0:0072/.¡0:0274/.0:118/

.0:00264/.0:333/.3:6/[¡0:053I 0:433]

¡1.0/.0:0025/.0:332/

.0:00264/.0:333/.3:6/[¡0:053I 0:433]

20
0:0467.0:033/.¡0:0805/.0:286/

.0:0351/.0:45/.3:69/[¡0:0472I 0:44]

¡1.0:46/.0:0077/.0:0351/

.0:0351/.0:45/.3:69/[¡0:0472I 0:44]

40
0:239.¡0:0168/.0:0314/.0:256/

.0:0348/.0:5199/.3:92/[¡0:115I 0:476]

¡1.0:0127/.0:035/.0:647/

.0:0348/.0:5199/.3:92/[¡0:115I 0:476]

60
0:51.0:022/.0:045/.0:483/

.0:0463/.0:474/.4:54/[¡0:182I :456]

¡1:03.0:0222/.0:0465/.0:761/

.0:0463/.0:474/.4:54/[¡0:182I 0:456]

80
0:765.0:319/.0:595/.0:574/

.0:0598/.0:474/.4:54/[¡0:308I 0:456]

¡1:08.0:0304/.0:0601/.0:828/

.0:0598/.0:474/.4:54/[¡0:308I 0:456]

100
1.0:037/.0:0746/.0:590/

.0:0747/.0:421/.4:94/[¡0:563I 0:531]
¡1:13.0:0364/.0:0750/.0:867/

.0:0747/.0:421/.4:94/[¡0:563I 0:531]

Fig. 3a Closed-loop system frequency responses Çh/ Çhc: bounds and
responses for six � ight conditions.

Lower bound of µ :

B2l D µ=µc D 1=.s=25 C 1/..[.s=0:9/2 C 2.1=0:9/s C 1]/.[.s=12/2

C 2.0:707=12/s C 1]// (31)

Upper bound µ :

B2u D µ

µc
D .1=1:5s C 1/

.s C 1/.1=2s C 1/.1=2:8s C 1/
(32)

3) The feedback controller and pre� lter design are the last step.
For channel 1, B1l and B1u are chosen as nominal and perturbed

system responses, as shown in Fig. 3a. The process and the values

Fig. 3b Closed-loop system frequency responses µ/µc: bounds and
responses for six � ight conditions.

of bounds are shown in Table 3 and Fig. 4a. After loop shaping, the
nominal-loop transmission function is chosen as

lmo11.s/ D 44;550.s C 1/.s2 C 0:0302s C 0:1840/

s.s C 0:1/.s C 45/.s C 75/.s2 C 0:0415s C 0:1936/

(33)

and then the required controller g11.s/ is obtained as

g11.s/ D
¡4739:3617.s C 0:0315/.s C 0:45/.s C 1/.s C 3:69/

s.s C 0:0363/.s C 0:1/.s C 3:66/.s C 45/.s C 75/

(34)

By the use of simple shaping, the pre� lter is obtained as



LIN AND YING 913

Table 3 Bounds calculating of loop transmission lmo11(s) for BO105C

! jtd11jdB ¡ jpd11 jdB max jtd12jdB ¡ jpd12jdB max j1=1 C lo11 jdB Phase shift

0.6 ¡23.8080 ¡20.3202 ¡23.8080 ¡5.2429
1 ¡17.8554 ¡14.0981 ¡17.8554 ¡1.6456
5 ¡1.9415 1.3788 ¡1.9415 ¡0.2600
10 ¡0.9908 2.1745 ¡0.9908 ¡0.1292

Table 4 Bounds calculating of loop transmission lmo22(s) for BO105C

! jtd22jdB ¡ pd22 jdB max td21 jdB ¡ pd21jdB max j1=1 C lo22 jdB Phase shift

0.6 ¡18.7097 ¡18.2264 ¡18.7097 ¡17.0356
1 ¡9.4190 ¡8.7685 ¡9.4190 ¡5.8971
5 7.4004 9.4697 7.4004 ¡0.9593
10 13.4573 15.8951 13.4573 ¡0.4768

Fig. 4a Channel 1, bounds and loop transmissions of six � ight condi-
tions on the inverse Nichols chart.

Fig. 4b Channel 2, bounds and loop transmissions of six � ight condi-
tions on the inverse Nichols chart.

f11.s/ D 14=[.s C 2/.s C 7/] (35)

Similarly, for channel 2, B2l and B2u are chosen as nominal and
perturbed system responses, as shown in Fig. 3b. Also, the process
and the values of bounds are shown in Table 4 and Fig. 4b. The
nominal-loop transmission function is chosen as

lmo22.s/ D 1800.s C 0:2/.s C 0:5/

s.s2 C 0:0415s C 0:1936/.s2 C 28:28s C 400/
(36)

then the required controller g22.s/ is obtained as

Fig. 5a Closed-loop time responses to step command input Çhc = 1 ft/s:
Çh responses for six � ight conditions.

Fig. 5b Closed-loop time responses to step command input µc = 1 rad:
µ responses for six � ight conditions.

g22.s/ D
¡1800.s C 0:2/.s C 0:45/.s C 0:5/.s C 3:69/

s.s C 0:0077/.s C 0:46/.s2 C 28:28s C 400/
(37)

By the use of simple shaping, the pre� lter is obtained as

f22.s/ D 4:2.s C 3:5/

.s C 1/.s C 1:4/.s C 10:5/
(38)

For Fig. 1, by applying the 2-DOF compensators F D diag
[ f11; f22] and G D diag[g11; g22] to the system for different � ight
conditions,the closed-loopfrequencyresponsesare shown in Fig. 3,
the loop transmission functions are shown in Fig. 4, and the time-
domain simulationsare shown in Fig. 5, which shows that the design
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Fig. 5c Coupling time responses to step command input µc = 1 rad:
Çh (ft/s) responses for six � ight conditions.

Fig. 5d Coupling time responses to step command input Çhc = 1 (ft/s):
µ (rad) responses for six � ight conditions.

performance is achieved. The same example has been presented in
Ref. 11 with traditional QFT design method. When the design re-
sults are compared, it can be seen that the proposed design method
can achieve better performance by assigning a tighter performance
bounds and that the proposed design procedure is easier than the
traditional QFT because it can obviate the computational workload
of creating templates.

IV. Conclusions
An equivalent external disturbance rejection design method for

uncertain multivariable systems is developed that can obviate the
computational workload of creating templates that must be drawn
on Nichols charts in traditional QFT design methodologies. The
proposeddesignmethodcancopewith stableor unstable,minimum-

phaseor NMP systems, so that it is appliedfor the longitudinal� ight
control of a rotorcraft. The design results show that, for all � ight
conditions, at least 46-deg phase margin is achieved and that the
performance bounds are satis� ed with the coupling term less than
0.16. This illustrates the robust performanceof the proposed design
method.
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